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QUASITRIVIALITY OF THE FORMS OF SEGRE VARIETIES
N.F. ZAK
Abstrat. We prove the rationality of a k-form X of the produt S of projetive spaes provided the
existene of a k-point on X. The method of the proof is to nd a Galois-invariant birational projetion
of S to the projetive spae. This method also allows to prove the quasitriviality of the forms of the
hyperplane setions of some Segre varieties.
Consider a variety X dened over a eld k of harateristi zero. The orresponding variety X ×
k
k
over the algebrai losure k of the eld k we denote by X saying that X is a form of any variety
isomorphi to X over k. Let G = Gal(k/k) be the Galois group. We will use the following fat below
(see [2℄):
Proposition 1. Let X be a variety with a k-point and PicG(X) be the Galois-invariant part of the Piard
group Pic(X). Then there is a group isomorphism Pic(X) ≃ PicG(X) and every Galois-invariant linear
system is generated by the divisors dened over k.
Also, it is easy to hek that the Galois-invariant part of a very ample linear system on the variety
with a k-point denes an embedding over k. Reall the following denitions (see [1℄).
Denition 2. The variety X is alled k-rational or rational over k if the funtion eld k(X) is a pure
transendent extension. X is alled rational if X is rational over k.
Denition 3. The lass of rational varieties dened over k suh that for eah variety from this lass
the existene of a k-point implies k-rationality, is alled quasitrivial over k and the varieties from this
lass are also alled quasitrivial over k.
It is well known that eah form X of the projetive spae Pn is quasitrivial, moreover, SeveriBrauer
theorem states that the existene of a k-point on the form X of the projetive spae Pn implies the
isomorphism X ≃
k
P
n
. Analogous result does not hold for the produts of projetive spaes. For
example, the two-dimensional real quadri given by equation x20 + x
2
1 + x
2
2 = x
2
3 has real points but is
not isomorphi to the produt of real projetive lines. Nevertheless, suh varieties are still quasitrivial.
We prove the following
Theorem 4. Eah form X of the variety S = Pa1 × . . .× Pan is quasitrivial.
The following Proposition gives a method (whih is far from being optimal, of ourse) of proving the
rationality of S.
Proposition 5. Consider standard Segre embedding of S. Pik a hyperplane Hi in the i-st multiplier
and onsider the subvarieties
Pij = P
a1 × . . .× Pai−1 ×Hi × P
ai+1 × . . .× Paj−1 ×Hj × P
aj+1 × . . .× Pan , i < j.
Let L be the projetive span of P =
⋃
Pij . The projetion πL : S 99K P
P
ai
is birational. In partiular,
if S and L are dened over k then the projetion πL is birational over k.
Proof. The niteness of the projetion πL : S 99K P
P
ai
an be heked by ounting the dimension of
L. Note that through every pair of points p, q ∈ S their passes a subvariety
S1 = T1 × . . .× Tn ⊂ S, where Ti = P
1 ⊂ Pai ,
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so, due to the niteness of the general ber of πL, it is suient to prove birationality of projetion
πL : S1 → P
n
for a general point p and any point q. For suh a pair of points we have P ∩ S1 =
⋃
Pij
and, moreover, L ∩ S1 =
⋃
Pij where
Pij = T1 × . . .× Ti−1 × pi × Ti+1 × . . .× Tj−1 × pj × Tj+1 × . . .× Tn, i < j
and pi = Hi ∩ Ti. Thus it sues to prove the birationality of projetion πL1 : S1 99K P
n
where L1 is
the linear span of P =
⋃
Pij . Consider a general point q = q1 × . . .× qn ∈ S1. Let
Qi = T1 × . . .× Ti−1 × qi × Ti+1 × . . .× Tn,
Pj = T1 × . . .× Tj−1 × pj × Tj+1 × . . .× Tn.
Consider n independent hyperplane setions Hi ⊂ S1 ontaining L1 and q:
Hi = Qi ∪ P
i, where P i =
⋃
j 6=i
Pj .
Let H =
⋂
Hi. The birationality of projetion πL1 is equivalent to the equality
H ∩ S1 = {q} ∪ P.
Consider a point r = r1 × . . .× rn ∈ H ∩ S1. Sine r ∈ Qi ∪ P
i
, either ri = qi or rk = pk for some k. If
the rst equality holds for eah i then r = q. If rk = pk 6= qk then, sine r ∈ Qk ∪ P
k
, for some l 6= k
holds rl = pl, so r ∈ Pkl ⊂ P whih proves the birationality of πL1 . 
The proof of Theorem 4. Sine the Galois group an not permute the ontrations to the varieties of
dierent dimensions, k-form X of the variety S is isomorphi to the produt of k-forms of the varieties
Si = P
ai × . . .× Pai and it is suient to prove the quasitriviality of these multipliers.
Consider variety S = Pn × . . . × Pn. The linear system dening Segre embedding of S is Galois-
invariant beause it is proportional to the anonial lass KS. Hene, due to Proposition 1 we an
assume that X is embedded by Segre. We will onstrut the Galois-invariant union
⋃
Hi so that
⋃
Pij
is also Galois-invariant and by SeveriBrauer theorem Proposition 5 implies quasitriviality of X .
Denote by Li the linear system dening the natural projetion of S to the i-st multiplier. Let ki ⊃ k
be the minimal led over whih the linear system Li is dened. Choose (using Proposition 1) a k-divisor
D1 = H1 × P
n × . . .× Pn in the orresponding Galois-invariant linear system.
Note that G-orbit O1 of the divisor D1 onsists of suh divisors Di that Di ≁ Dj in the group Pic(X)
for i 6= j. Otherwise, there exists suh an element g ∈ G that g(Di) 6= Di but g(Di) ∼ Di for some i
and a onjugate to g element h ∈ G suh that h(D1) 6= D1 but h(D1) ∼ D1. Sine in this ase h ats
trivially on k1 and D1 is dened over k1, we obtain a ontradition.
If in the orbit O1 there is no divisors from the linear system Lj , onsider the orbit Oj of the orre-
sponding divisor Dj , and so on for all j. The union of suh orbits will give us the invariant enter L of
the projetion whih proves Theorem 4. 
The proof above may be generalized to the hyperplane setions of Segre varieties.
Proposition 6. Eah form Y of the hyperplane setion W = H ∩ S ⊂ Pab+a+b−1 of Segre variety
S = Pa × Pb ⊂ Pab+a+b is quasitrivial.
Proof. Note that the pair of linear systems dening the projetions of W to the multipliers Pa and Pb is
Galois-invariant (the Galois group an only transpose the projetions to dierent multipliers in the ase
a = b). Thus, the natural inlusion W →֒ S is Galois-invariant and by Proposition 1 we an assume
that Y = W = H ∩ S ⊂ Pab+a+b−1 where S and H are dened over k.
Consider the invariant enter L of the projetion πL : S 99K P
a+b
and the birational projetion
πLH : S 99K Q ⊂ P
a+b+1
with enter LH = L∩H to the hypersurfae Q ⊂ P
a+b+1
. Over k, through every point p ∈ LH ∩S there
passes (a+b−2)-dimensional family of the subvarieties of type P1×P1 ⊂ S and general subvariety of this
type is projeted to a plane on Q via πLH . Therefore, Q ontains a (2(a+ b)− 5)-dimensional family of
planes and its hyperplane setion QH = πLH (W ) has dimension a+ b−1 and ontains (2(a+ b−1)−3)-
dimensional family of lines. Thus, aording to [3℄, hypersurfae QH is either a quadri or a rational
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(due to rationality of W ) sroll in P a+b, that is a family of hyperplanes parameterized by a rational
urve.
Quasitriviality of quadri is well-known. Let QH be a rational sroll. Due to the generality of L,
the existene of a smooth k-point on QH follows from the existene of a k-point on W . In this ase
QH is birational to the projetive bundle over P
1
with a ber P
a+b−2
. General odimension (a+ b− 2)
subspae gives a rational setion to this bundle, so the hypersurfae QH is quasitrivial and, due to the
birationality of the projetion πLH , the variety W is also quasitrivial. 
The author is grateful to S.Galkin, S.Gorhinskiy, V. Iskovskikh, Yu. Prokhorov, C. Shramov and
F. Zak for useful disussions.
Referenes
[1℄ Yu. I. Manin, M.A Tsfasman, Rational varieties: algebra, geometry, arithmeti, Uspehi Mat. Nauk, v. 41, 2(248),
1986, 43-94.
[2℄ A. Grothendiek, J. Dieudonne, Elements de Geometrie Algebrique, Publ. Math. IHES, 8 (1961), 11 (1961).
[3℄ B. Segre, Sulle Vn ontenenti ∞
n−k Sk, I, II, Atti Aad. Linei 5 (1948), 193-197, 275-280.
E-mail address: nzakmme.ru
